Abstract. We compute Betti numbers of the moduli spaces of arbitrary rank stable sheaves on ruled surfaces. Our result generalizes the formula of Göttsche for rank one sheaves and the formula of Yoshioka for rank two sheaves. It also confirms the conjecture of Manschot for arbitrary rank sheaves on the Hirzebruch surfaces.
Introduction
Invariants of the moduli spaces of semistable sheaves on surfaces have been intensively studied in the last several decades. One of the motivations for their study is the Kobayashi-Hitchin correspondence [15] between the above moduli spaces and the moduli spaces of (unframed) instantons on 4-manifolds. The latter moduli spaces were interpreted by Vafa and Witten [22] in terms of the N = 4 topologically twisted supersymmetric Yang-Mills theory on 4-manifolds. The S-duality conjecture of Vafa and Witten predicts the modular behaviour of the partition function of the above theory. To test this conjecture it is essential to be able to compute the partition function, that is, the generating function of invariants of the moduli spaces of semistable sheaves on a surface. A more recent motivation is related to BPS invariants (or Donaldson-Thomas invariants) of 3-Calabi-Yau manifolds. The canonical bundle of a surface is a non-compact 3-Calabi-Yau manifold. In this way one can interpret invariants of the moduli spaces of semistable sheaves on a surface in terms of BPS invariants of the canonical bundle.
Betti numbers of the moduli spaces of rank one sheaves on a surface were computed by Göttsche [8] . More precisely, he computed invariants of the Hilbert scheme of points on a surface parameterizing finite subschemes. Any rank one torsion free sheaf with the trivial first Chern class can be uniquely represented as an ideal of a finite subscheme. In this way one can identify the moduli spaces of rank one torsion free sheaves with Hilbert schemes.
Betti numbers of the moduli spaces of rank two sheaves on P 2 and on ruled surfaces were computed by Yoshioka [24, 25] . There are three main ingredients in his approach. First, one computes invariants of the moduli space of semistable torsion free sheaves on a ruled surface with respect to the nef divisor f corresponding to a fiber of the ruled surface. Then one uses wall-crossing formulas to determine invariants of the moduli spaces for arbitrary polarizations of the surface. Finally, to find the invariants of the moduli spaces of rank two semistable sheaves on P 2 , one uses the blow-up formula that relates invariants of the moduli spaces of semistable sheaves on a surface and on its blow-up. The blow-up of P 2 at one point is the Hirzebruch surface Σ 1 , where the Hirzebruch surface Σ n , for n ≥ 0, is the ruled surface P(O P 1 (n) ⊕ O P 1 ) over P 1 . One can use information about the invariants of the moduli spaces of semistable sheaves on Σ 1 to determine invariants of the moduli spaces on P 2 . Euler numbers of the moduli spaces of rank three semistable sheaves on P 2 were computed by Weist and Kool [23, 14] using tori actions. Betti numbers of these moduli spaces were computed by Manschot [17] in the case where the first Chern class of semistable sheaves is not divisible by 3. He used the approach of Yoshioka to reduce the problem to a computation on the Hirzebruch surface Σ 1 together with an observation that there are no f -semistable rank 3 sheaves on Σ 1 with the required first Chern class. These results together with the blow-up formula were used in [16] to determine invariants of the moduli spaces of rank 3 sheaves on P 2 and Σ 1 for arbitrary first Chern classes. Manschot also formulated a conjecture [16, Conj. 4 .1] about the invariants of arbitrary rank f -semistable sheaves on the Hirzebruch surfaces.
In this paper we will study invariants of the moduli spaces of arbitrary rank semistable sheaves on a ruled surface. Let S be a surface and H be a nef divisor on S. Given a class γ = (r, c 1 , c 2 ) ∈ H * (S, Z), let M H (γ) denote the moduli stack of slope H-semistable torsion free sheaves E having rank r and Chern classes (c 1 , c 2 ). and its analogue Z • H (r, c 1 ) for locally free sheaves, where µ(−) is some motivic measure [13] . Let S → C be a ruled surface over a curve of genus g and let f be a fiber. A sheaf E over S is slope f -semistable if and only if a generic fiber of E along S → C is semistable, that is, it is a direct sum of line bundles having the same degree. The main result of the paper is the following theorem Theorem 1.1. Let r ∈ Z >0 and c 1 ∈ H 2 (S, Z). Let µ be either the Poincaré polynomial measure (for S defined over C) or the point counting measure (for S defined over a finite field).
where q = µ(A 1 ), Z C (t) is the motivic zeta function of C associated to µ(−), and Bun C,r is the stack of rank r and degree zero vector bundles over C. The motivic measure of Bun C,r is
This theorem generalizes the result of Göttsche [8] for rank one sheaves and the result of Yoshioka [25] for rank two sheaves. It also confirms the conjecture of Manschot [16] for the Hirzebruch surfaces. Using this theorem, one can, in principle, apply wall-crossing formulas to compute invariants for the semistable sheaves with respect to any polarization. In particular, one can do this for the Hirzebruch surface Σ 1 and then apply the blow-up formula to compute invariants for P 2 . As already the computations for the ranks two and three show [25, 16] , the final result is rather complicated and cumbersome.
Let me now explain the strategy of the proof of Theorem 1.1. First, one can reduce the computation for torsion free sheaves to the computation for vector bundles. Similarly to the rank two approach by Yoshioka [25] , we will use elementary transformations of vector bundles along fibers to relate invariants of moduli spaces of semistable bundles having different first Chern classes. It turns out that these relations can be written in terms of the Hall algebra of P 1 . More precisely, we will construct a function on the Hall algebra which is uniquely determined by the relations we will impose on it and is such that its integral equals the generating function of the invariants of the moduli spaces we are looking for. The Hall algebra of P 1 is an extremely well studied object. Its incarnations are the Hall algebra of the Kronecker quiver and, more importantly, the quantum affine algebra U q ( sl 2 ). Nevertheless, the following result seems to be new. It is crucial for the proof of Theorem 1.1. with all summands of E having negative degree, we have
This function satisfies
rk E=r deg E=0
The paper is organized as follows. In Section 2 we collect preliminary results on ruled surfaces, Hirzebruch-Riemann-Roch theorem, semistable sheaves, motivic measures, relation between the generating functions for torsion free and locally free sheaves over surfaces, and finally, description of the Hall algebra of the category of vector bundles over P 1 . In Section 3 we introduce parabolic bundles over surfaces and their elementary transformations. Then we prove a local version of Theorem 1.1 by reducing it to a computation on the Hall algebra of P 1 . This computation is postponed until Section 6. In Section 4 we show the existence of a canonical filtration of torsion free sheaves on a ruled surface. Then we prove basic structure results about the building blocks of the canonical filtration: slope f -semistable sheaves. In Section 5 we prove Theorem 1.1. In Section 6 we prove Theorem 1.2. In Section 7 we collect the wall-crossing formula and the blow-up formula for the generating functions of invariants of moduli spaces of semistable sheaves over surfaces. We indicate how these formulas can be used to compute the generating functions for P 2 . I would like to thank Thomas Nevins and Olivier Schiffmann for useful discussions. I would like to thank Kōta Yoshioka for the help with his paper [26] .
Preliminaries
2.1. Ruled surfaces. Let C be a smooth projective curve of genus g and let L be a line bundle over C of degree e ≥ 0. Define a ruled surface
(we use the old-fashioned notation for projective bundles [5, B.5.5] ). Let p : S → C be the projection map, L ⊂ S be the canonical embedding, C 0 = S\L be the divisor at infinity and f ⊂ S be the divisor of a fiber. Then the Néron-Severi group of S is
We have [10, V.2.3-2.9]
This implies that any effective divisor in S is of the form mC 0 + nf for m, n ≥ 0. Note that (C 0 + ef )f = 1, (C 0 + ef )C 0 = 0. Therefore the positive cone
is generated by C 0 + ef and f . For any m, n ∈ R ≥0 , we define
The canonical divisor of S is [10, V.2.11]
In particular, K 2 S = 8(1 − g). 2.2. Hirzebruch-Riemann-Roch theorem. Let S be a surface. We will say that a coherent sheaf E on S has class γ = (r, c 1 , c 2 ) if rk E = r, c 1 (E) = c 1 , and c 2 (E) = c 2 . The second Chern character of E is equal to ch 2 = 
where K S is the canonical divisor of S. The Euler characteristic of the sheaf E equals, by the Hirzebruch-Riemann-Roch theorem, to
If F is another coherent sheaf having class
) and the second Chern character ch
In particular,
Define the discriminant
It is additive under tensoring with a vector bundle and invariant under tensoring with a line bundle (see [12, §3.4] ). We obtain from (6) and (8) that
Remark 2.1. Let p : S → C be a ruled surface over a curve of genus g. Then
3. Semistable sheaves. In this section we will define the notions of Gieseker and slope semistability with respect to nef divisors. It should be noted that one usually defines semistability only with respect to ample divisors [12] , but it is important for our future considerations to include also the case of nef divisors. Let S be a projective surface and let H be a nef divisor on S. A nef divisor H is characterized by the property that if E is a coherent sheaf on S having dimension one then H · c 1 (E) ≥ 0. Given a coherent sheaf E on S, define its H-slope by
and define its reduced Hilbert H-polynomial by
Remark 2.2. By the Hirzebruch-Riemann-Roch Theorem we have
where r = rk(E), c 1 = c 1 (E). Therefore, for r > 0, we have
We say that a torsion free sheaf E is slope H-semistable if for any proper nonzero torsion free subsheaf F ⊂ E we have
We say that a torsion free sheaf E is Gieseker H-semistable if for any proper nonzero torsion free subsheaf F ⊂ E we have
According to the previous remark the last condition is equivalent to
rk(E) . In particular, Gieseker semistability implies slope semistability. Both slope semistability and Gieseker semistability can be interpreted in terms of Bridgeland stability conditions on the exact category of torsion free sheaves: for the slope Hsemistability we consider the stability function
and for the Gieseker H-semistability we consider the stability function
for 0 < ε ≪ 1. One can prove the existence and uniqueness of the HarderNarasimhan filtrations for the slope and Gieseker stability conditions with respect to nef divisors in the same way as with respect to ample divisors [12] .
The following simple result is the reason for the wall-crossing formulas on the surface.
Proof. By the Serre duality Ext
Motivic measures.
Let be a field and Sch be the category of schemes of finite type over . Following [13] , we define a measure µ on Sch with values in a commutative ring R to be a function which associates with every X ∈ Sch an element µ(X) ∈ R such that:
We will also assume that R is a λ-ring [7, 11, 18] and for any quasi-projective scheme X ∈ Sch we have
where W is the weight filtration on H k c (X, C). If X is smooth and projective then
Remark 2.5. For = F q and R = Z, define µ(X) = |X(F q )|. This function satisfies the first two axioms of the motivic measure. For the last axiom we have to work with the ring of counting sequences [19] instead of the ring Z.
We define the zeta function of X ∈ Sch as
The ringR = R[[t]
] has a natural λ-ring structure:
We define the plethystic exponential Exp :R + → 1 +R + , whereR + = tR, by the formula
In particular, Z X (t) = Exp(µ(X)t). The map Exp has the inverse Log : 1 +R + → R + (see [7] ). We define a plethystic power map onR by the formula (see [20] for its basic properties)
If C is a curve of genus g then Z C (t) can be written in the form (see [13] )
where P C (t) is a polynomial of degree 2g and q = µ(A 1 ). Moreover,
The value P C (1) is equal to µ(Jac C). Let Bun C,r,d denote the moduli stack of vector bundles over C having rank r and degree d. Let Bun C,r = Bun C,r,0 . The motive of Bun C,r,d is independent of d and equals (see [2, §6] )
Applying equation (15), we obtain
2.5. Torsion free and locally free sheaves. Let M be a set of isomorphism classes of sheaves on a surface S having rank r and first Chern class c 1 . Define
Remark 2.6. Then reason for using ch 2 (E) in (18) is that ch 2 is additive with respect to exact sequences. This (as well as the factor q 1 2 χ(E,E) ) will be important in the formulation of the wall-crossing formula (see Prop. 7.1). The reason for using r∆(E) in (19) is that r∆(E) is invariant under tensoring with line bundles. This will be important in the proof of Corollary 5.2.
Given a rank r locally free sheaf E over S and n ≥ 0, let Quot n (E) denote the scheme of finite quotients of E having length n. Yoshioka [24, Theorem 0.4] proved that
Assume that the family M consists of locally free sheaves and let M ′ be the set of isomorphism classes of torsion free sheaves F such that F ∨∨ ∈ M.
Lemma 2.7. We have
Any automorphism of F induces an automorphism of E. Conversely, Aut E acts on the embeddings F ֒→ E. The stabilizer corresponds to Aut F and the orbit corresponds to different subobjects of E isomorphic to F . Therefore
This implies
.
2.6. Hall algebra of P 1 . Given an exact F q -linear category A with finite Hom and Ext 1 groups, we define its Hall algebra H(A) as follows. Its basis is the set of isomorphism classes of the objects in A. Multiplication is given by (22) [M ]
It is known, that this product is associative.
Let us describe the Hall algebra H of the category of vector bundles on P 1 in more detail. Let S = P(Z) denote the set of maps α : Z → N with finite support
The basis of H is given by the elements [O α ], where
Define addition and multiplication in S by
It is clear that
For any α ∈ S, define
The product in H is described by the following relations [1, Theorem 10]:
Finally, for any m < n,
3. Elementary transformations and the local formula 3.1. Elementary transformations. Let S be a surface, X ⊂ S be a curve and
where E is a vector bundle over S, M is a vector bundle over X and g : E → M is a surjection. We will usually denote a parabolic bundle just as E → M . We define its elementary transformation to be a new parabolic bundle
and with the canonical surjection
Proof. Tensoring exact sequences
with each other, we obtain 0 0
Applying the snake lemma to the middle columns, we obtain M ′′ ≃ I ⊗ M . Next,
3.2. Negative sheaves. Assume that X ≃ P 1 and X · X = 0. Our main example is a ruled surface p : S → C with a fiber X = S x = p −1 (x) over some point x ∈ C. We have deg I| X = −X · X = 0 and therefore I| X ≃ O X . This implies that in the above lemma we have actually
Let Coh X S denote the category of coherent sheaves over S having support in X. For any such sheaf F we define r(F ) ≥ 0 and d(F ) ∈ Z by the formulas
Remark 3.2. If F is a sheaf over X then r(F ) is the rank of F over X and d(F ) is the degree of F over X.
Remark 3.3. Given F ∈ Coh X S with r(F ) = n, we have
We will study semistable sheaves in the category Coh X S with respect to the stability function
and the corresponding slope function µ(
There are obvious semistable sheaves in Coh X S coming from the semistable sheaves on X ≃ P 1 .
Proposition 3.4. Any sheaf F ∈ Coh X S has a filtration 0 ⊂ F 0 ⊂ F 1 ⊂ . . . F r = F such that F 0 has dimension zero and the quotients F i /F i−1 are line bundles over X with non-increasing degrees.
Proof. We can always find a filtration such that the quotients are sheaves over X and, moreover, are indecomposable (that is, are line bundles or skyscrapers). Our goal is to show that we can reorganize our filtration in such way that all skyscrapers are pushed to the left and the line bundles have non-increasing degrees. To do this we will show that given an extension
over S with L a line bundle over X and Q a dimension zero sheaf over X, the sheaf F is defined over X, and given an extension
over S with L, L ′ line bundles over X and deg L < deg L ′ , the sheaf F ′ is again defined over X. Then we can exchange a filtration with quotients (L, Q) (resp. (L, L ′ )) by an appropriate filtration of F (resp. F ′ ). To prove the first statement, we can assume that L = O X . Applying the functor Hom S (Q, −) to the exact sequence
we obtain a long exact sequence
, that is, all extensions are defined over X. To prove the second statement, we can assume that L ′ = O X and deg L < 0. Applying the functor Hom S (−, L) to the exact sequence (28), we obtain a long exact sequence
, that is, all extensions are defined over X. Corollary 3.5. A semistable object in Coh X S either has dimension zero, or has a filtration such that the quotients are line bundles over X having the same degree.
Using the Harder-Narasimhan filtrations we can show that there exists a torsion pair (T , F ) = (A ≥0 , A <0 ) on the category A = Coh X S, such that A ≥0 is generated by semistable objects having non-negative slope and A ≥0 is generated by semistable objects having negative slope. Note that A <0 is closed under taking subobjects. A sheaf from A <0 will be called negative. Thus, a sheaf in Coh X S is negative if and only if it has a filtration such that all its quotients are line bundles over X having negative degrees. In particular, a sheaf over X is negative if and only if it is a vector bundle and all its summands have negative degrees.
3.3. Local formula. As in the previous section, let X ⊂ S be a curve such that X ≃ P 1 and X 2 = 0. Let F be a rank r locally free sheaf over S such that F | X ≃ O r P 1 . For any n ≥ 0 and c 2 ∈ Z, define A F,X (n, c 2 ) to be the set of locally free sheaves E F (we can consider them as subsheaves
Remark 3.6. Our moduli problem should be compared to the one studied by Kapranov [13] . He considered a curve X ⊂ S with X 2 < 0, an SL(n)-bundle F over S\X, and the moduli space of SL(n)-bundles E over S extending F .
Remark 3.7. Generally, we have deg E|
Remark 3.8. If E| X ≃ O r P 1 then E = F . Indeed, if E/F = 0 then there exists a negative line bundle L over X with a surjection E/F → L. But this implies that there exists a surjection O r P 1 ≃ E| X → (E/F )| X → L, which is impossible. Theorem 3.9. We have Z F,X := n≥0 c2 E∈AF,X (n,c2)
Proof. For any vector bundle E 0 of rank r and degree zero on P 1 , define
and the generating function
We extend ϕ to the Hall algebra of P 1 by linearity. Note that if E 0 = O r P 1 and E ∈ A(E 0 , n, c 2 ), then E = F and therefore n = 0, c 2 = 0 and
Given a pair (M, M ′ ) of vector bundles on P 1 , we say that a parabolic bundle
We have seen (see Lemma 3.1 and equation (26)) that elementary transformations of parabolic bundles induce a bijection between parabolic bundles of type (M, M ′ ) and parabolic bundles of type (M ′ , M ). Assume that M is negative. Let E → N be a parabolic bundle of type (M, M ′ ) with E ∈ A F,X (n, c 2 ) and let E ′ → N ′ be its elementary transformation. Then
and therefore F ⊂ ker(E → N ) = E ′ . The sheaf E ′ /F ⊂ E/F is negative, as a subsheaf of a negative sheaf. This implies that
Summarizing, for any vector bundles M, M ′ on P 1 with negative M , we have:
Using generating functions we can write
where • is the product in the Hall algebra of P 1 . We will prove in Section 6 that the last condition implies
Canonical filtration
Let p : S → C be a ruled surface as in Section 2.1. For each rank 2 vector bundle over S, Brosius [4] constructed a canonical short exact sequence with that bundle in the middle, and used such sequences to classify rank 2 vector bundles over S. In this section we will construct canonical filtrations for arbitrary rank torsion free sheaves over S.
Let E be a coherent sheaf over S. For any point x ∈ C, we define the fiber S x = p −1 (x) and we call the restriction E x = E| Sx the fiber of E along p at the point x. If E is a torsion free sheaf over S then E ∨∨ is a locally free sheaf and E ∨∨ /E has dimension zero. This implies that generic fibers of E and E ∨∨ along S → C are isomorphic and c 1 (E) = c 1 (E ∨∨ ). A generic fiber E x is a vector bundle isomorphic to O α P 1 for some α ∈ S independent of x. Theorem 4.1. Let E be a torsion free sheaf over S. Then there exists a unique filtration 0 = F 0 ⊂ F 1 ⊂ · · · ⊂ F n = E such that, for any 1 ≤ i ≤ n, the sheaf F i /F i−1 is torsion free, its generic fiber is isomorphic to O P 1 (k i ) ri for some k i ∈ Z, r i ∈ Z >0 , and
The generic fiber of E is isomorphic to
. If E is locally free then every sheaf F i is locally free.
Proof. Consider the Harder-Narasimhan filtration of E with respect to the slope f -stability. The assertion of the theorem follows from the uniqueness of the HarderNarasimhan filtration and the fact that a rank r torsion free sheaf over S is slope f -semistable if and only if its generic fiber is of the form O P 1 (k) r for some k ∈ Z. The last statement will be proved in Lemma 4.3.
In view of the last theorem, the classification of torsion free sheaves over the ruled surface S is reduced to the classification of f -semistable sheaves and extensions between them. We will count f -semistable sheaves in the next sections. Lemma 4.2. Let E be a torsion free sheaf over S. Then p * E is a locally free sheaf.
Proof. Assume that p * E has a torsion. Then there exists a nonzero morphism Q → p * E, where Q is a sheaf having dimension zero. This implies that there exists a nonzero morphism p * Q → E. But p * Q has dimension at most one, while E is torsion free. Lemma 4.3. A torsion free sheaf E over S is slope f -semistable if and only if a generic fiber of E along S → C is semistable.
Proof. Assume that a generic fiber of E is semistable. Let E → F be a torsion free quotient. It induces a surjective morphism of fibers E x → F x for any x ∈ C. By the semistability of a generic fiber of E we obtain (for generic x)
Therefore E is slope f -semistable. Let E be slope f -semistable and let the generic fiber of E along S → C be isomorphic to O α for some α ∈ S. Assume that O α is not semistable, that is, m = max α > min α . Tensoring E with O S (−mC 0 ), we can assume that max α = 0. Let k = α 0 . Then G = p * E is a locally free sheaf of rank k and there is a natural nonzero morphism p * G → E. We have seen that p * G is f -semistable. Moreover
This implies that there are no nonzero morphisms p * G → E.
4.1.
Properties of f -semistable sheaves. If E is a rank r slope f -semistable sheaf then its generic fiber is isomorphic to O P 1 (k) r for some k ∈ Z. We have c 1 (E) · f = kr. The sheaf E ⊗ O S (−kC 0 ) is again f -semistable and its generic fiber is isomorphic to O r P 1 . In this section we will study such sheaves. Lemma 4.4. Let E be a locally free sheaf and assume that the set U ⊂ C of points
and is a monomorphism.
Proof. Let F = p * p * E and let f : F → E be the natural morphism. It induces an isomorphism p * F → p * E and a morphism of fibers F x → E x for any x ∈ C. By the Grauert theorem [10, III.12.9] , there are isomorhisms
for any x ∈ U . This implies that the maps
are bijective for x ∈ U and therefore also the maps of fibers
are bijective for x ∈ U . This implies that f is surjective over p −1 (U ). Therefore ker f is at most one-dimensional. But F is locally free, hence ker f = 0. Lemma 4.5. Let E be a locally free sheaf with a generic fiber isomorphic to O r . Then E/p * p * E is a direct sum of negative sheaves over fibers of S → C.
Proof. Let F = p * p * E. Then p * F = p * E and, by the projection formula,
This implies that p * Q = 0 and, by Lemma 4.6, Q is a direct sum of negative sheaves over fibers of S → C.
Lemma 4.6. Let F be a sheaf over S with a support contained in a fiber S x . Then F is negative if and only if p * F = 0.
Proof. If F is negative, then it has a filtration with quotients being negative line bundles over S x . This implies that p * F = 0. Conversely, assume that p * F = 0 and F is not negative. By Proposition 3.4, there exists either a skyscraper G ⊂ F over S x or a line bundle G ⊂ F over S x with deg G ≥ 0. In both cases p * G = 0. This contradicts to p * G ⊂ p * F = 0.
Remark 4.7. Let E be a locally free sheaf over S and G be a locally free sheaf over C such that p * G ⊂ E and E/p * G is a direct sum of negative sheaves over fibers of S → C. Then a generic fiber of E is isomorphic to O r and G ≃ p * E. We can use this to parametrize locally free sheaves E with a generic fiber isomorphic to O r and with p * E ≃ G. Applying the duality functor
to the exact sequence
we obtain an exact sequence
The sheaf Q ′ is supported on the fibers of S → C and satisfies the conditions
Indeed, note that DQ = Q ′ [1] , Rp * D = DRp * , and
Thus, locally free sheaves E as above are parametrized by the quotients (p
′ (pure of dimension one, to ensure that the kernel is locally free) such that
One can show, similarly to Lemma 4.6, that Q ′ is a direct sum of positive sheaves along fibers (that is, sheaves that are successive extensions of line bundles having positive degrees).
Counting f -semistable sheaves
Let p : S → C be a ruled surface over a curve C of genus g. Given a nef divisor H and a class γ = (r, c 1 , c 2 ), let M H (γ) be the moduli stack of slope H-semistable torsion free sheaves having rank r and Chern classes (c 1 ,
be the substack of locally free sheaves. Following Section 2.5, for any r ≥ 0 and c 1 ∈ NS(S), we define
Similarly, we define the series Z
• H (r, c 1 ) and Z
• H (r, c 1 ) for locally free sheaves. In this section we will compute the above series for the divisor H = f . We will study first the moduli stack of the form M 
Proof. Let E be a rank r slope f -semistable locally free sheaf over S. Then G = p * E is a locally free sheaf over C, p * G ⊂ E, and the quotient E/p * G is a direct sum of negative sheaves along fibers. Let
be the substack of sheaves E such that p * E ≃ G. Then c 1 (E/p * G) = nf and c 2 (E/p * G) = c 2 . For any x ∈ X, there exists a unique locally free sheaf p * G ⊂ F ⊂ E such that supp E/F ⊂ S x and F x ≃ O r P 1 . The sheaf E/F is negative by Lemma 4.5. Therefore E ∈ A F,Sx (n, c 2 ) for some n, c 2 ≥ 0 and we can apply Theorem 3.9 to count such sheaves. Varying the point x ∈ C, we obtain
where we used the plethystic power map from equation (13) and the formula
Summing up over all rank r vector bundles G over C, we obtain n,c2
Therefore, for any n ∈ Z,
Corollary 5.2. Let r > 0 and c 1 ∈ NS(S).
Proof. Let c 1 = mC 0 + nf for some m, n ∈ Z. If M f (r, c 1 , c 2 ) is nonempty then, for any E ∈ M f (r, c 1 , c 2 ), a general fiber E x is isomorphic to O P 1 (k) r for some k ∈ Z. Therefore m = c 1 · f = deg E x = kr and r | c 1 · f . The sheaf E ⊗ O(−kC 0 ) is slope f -semistable and has the first Chern class nf and the discriminant ∆(E). Therefore
and the first formula of the statement follows. To prove the second formula, we will apply Lemma 2.7. Note that
where we used the fact that µ(S) = µ(C)µ(P 1 ) = µ(C)(q + 1) and therefore
Therefore the generating function for torsion free sheaves is 
6. Some counts on P
1
Let H be the Hall algebra of the category of vector bundles on P 1 . For any r > 0 let H r,0 ⊂ H be the vector space generated by the isomorphism classes of vector bundles having rank r and degree zero. [[u, t] ] such that ϕ(O r P 1 ) = 1 and, for any vector bundles E, F on P 1 such that rk E + rk F = r, deg E + deg F = 0 and all summands of E have negative degree, we have
This function satisfies
Existence of the function ϕ follows from the proof of Theorem 3.9. Uniqueness is straightforward. The rest of this section is devoted to the proof of equation (31). Before starting the proof in full generality let us consider the case r = 2. The following result is equivalent to the computation of Yoshioka [25] , although the usage of Hall algebras is novel. Proposition 6.2. For r = 2, we have
Proof. For any n > 0,
6.1. Counting quotients on P 1 . Let E be a coherent sheaf on P 1 and let Quot(E) be the Grothendieck Quot-scheme of E. Given another coherent sheaf F on P 1 , let Quot(E, F ) be the subscheme of Quot(E) corresponding to the epimorphisms E → F . It is a natural problem to compute the motive of Quot(E, F ), as both E and F are discretely parametrized (apart from the torsion parts). In this section we will do this in the case when E is a vector bundle and F is a line bundle. So, we assume that E = O α for some α ∈ S, and F = O(n) for some n ∈ Z. Denote by g(α, n) the motive of Quot(E, F ), that is, the number of epimorphisms E → F up to the action of Aut F . Proposition 6.3. For any α ∈ S and n ∈ Z, we have
Proof. It is enough to prove the formula for g(α) = g(α, 0). Let
Any nonzero morphism O α → O can be uniquely written (up to the action of G m ) as a composition of a surjection O α → O(n) and an embedding O(n) → O for some n ≤ 0. Therefore
or, equivalently,
Applying this to α [1] , we obtain
The last two formulas imply
Finally, subtracting the last formula from the previous one, we get
We note that
Corollary 6.4. Assume that |α| = r, α = d, and n > max α . Then
Proof. By the previous proposition we have
6.2. Skew derivations. Given a line bundle L over P 1 define the skew derivation δ L on the Hall algebra by
In this section we will compute skew derivations of some elements in the Hall algebra.
Proposition 6.5. For any r > 0 and d, n ∈ Z, let
Proof. It is enough to prove the statement for n = 0 and B r,d = B r,d,0 . Let
Multiplication rules in the Hall algebra imply that, for any α ∈ S
for some coefficients c β . For any β ∈ S 
This implies
6.3. Proof of the theorem. We assume that r > 0 is fixed.
Proposition 6.6. Given n ≥ 0, let
Applying the function ϕ, we obtain
. Our proposition will be proved by induction if we will show that
Inverting q, we can write this equation in the form we obtain a relation in the Hall algebra between H-semistable sheaves and H + -semistable sheaves. By Lemma 2.3 the second extension groups between factors of Harder-Narasimhan filtrations are zero. Therefore the integration map transforms the above relation in the Hall algebra into a relation in the quantum affine plane A S . This gives the first formula of the proposition. The proof of the second formula is the same.
Remark 7.2. Assume that S = Σ n is a Hirzebruch surface. Then K S = −2C 0 − (2 + n)f and for any nef divisor H = 0 we have H · K S < 0. This means that the wall-crossing formula is always satisfied. A similar wall-crossing formula for the Hirzebruch surfaces can be found in [16] .
7.2. Blow-up formula. Let S be a smooth projective surface, π : S → S be the blow-up at a point and C 0 be the exceptional divisor of π. As in Section 2.5, let M be a set of isomorphism classes of locally free sheaves on S having rank r and the first Chern class c 1 . For any m ∈ Z, define (1) M ′ to be the set of isomorphism classes of torsion free sheaves E over S such that E ∨∨ ∈ M. (2) M to be the set of isomorphism classes of locally free sheaves E over S such that π * E ∈ M ′ and c 1 (E) = π * c 1 − mC 0 (that is, c 1 (E) · C 0 = m). (3) M ′ to be the set of isomorphism classes of torsion free sheaves E over S such that π * E ∈ M ′ and c 1 (E) = π * c 1 − mC 0 (equivalently, if E ∨∨ ∈ M).
The following result was proved by Yoshioka [26, Prop. 3.4 ] (see also [9, §3] ). Proof. According to Lemma 2.7, we have Z M ′ (t) = Z M (t)H S,r (q −r t), where
and Z M ′ (t) = Z M (t)H S,r (q −r t), where
Note that µ( S) = µ(S) + q. Therefore Z S (t) = Z S (t)Z A 1 (t) = Z S (t) 1 1 − qt .
H S,r (q −r t) H S,r (q −r t)
ai=−m q (ρ,a) t Remark 7.6. A generalization of the above result (for m = 0) to principal bundles with respect to arbitrary reductive groups was proved by Kapranov [13, Theorem 7.4.6] . Note, however, that his formula is slightly different from the above result.
Let H be a nef divisor on S. Then H = π * H is a nef divisor on S and we can consider slope H-semistable sheaves on S.
